Abstract. The polynomial invariants of a certain classical linear group of order 336 arise naturally in studying error-correcting codes over GF(7). An incomplete description of these invariants was given by Maschke in 1893. With the aid of the Poincare series for this group, found by Edge in 1947, we complete Maschke's work by giving a unique representation for the invariants in terms of 12 basic invariants. A conjecture is made concerning the relationship between the Poincare series and the degrees of the basic invariants for any linear group. A partial answer to this conjecture, due to E. C. Dade, is given.
where w = e$ 2?!i ; thus 'S is the complex four-dimensional representation of SL (2, 7) . This group has a long and interesting history: almost 100 years ago Klein(10) studied in his investigation of the simple group PSL (2, 7) . In 1896 Maschke(l2), continuing the work of Brioschi(3) , gave an apparently complete description of the polynomial invariants of ^ and of the syzygies relating them. However, as we shall see, there are omissions in this work. The papers of Baker in 1935 (2) and Edge in 1947 (7) give a great deal of geometric information about the two groups, and other references to the vast literature on these groups can be found there.
Finally, in 1972(11) the group ^ has arisen in studying error-correcting codes. In order to extend a theorem of Gleason(8) to self-dual codes over GF (7) , the invariants of'S are required.
The main result of this paper is a complete description of the invariants of 2?, Theorem 1, filling in the omissions in Maschke's work.
In order to do this, we use a result of Molien(l3) giving a generating function (sometimes called the Poincare' series (l)) for the number of invariants of a given degree. In all the groups we have considered there is a particularly simple relationship between the form of the Poincare series and the degrees of the basic invariants, and we conjecture that this relationship holds for any finite group (section 2). A weaker version of this conjecture has been established by Professor E.C. Dade(6) , and we give his results in section 4.
2.
Invariants. Let G be any finite group of n x n matrices over the complex numbers C, and let R = Cf^,..., x n ]. An invariant of G is a polynomial/e R which is unchanged by the action of G, i.e. satisfies ( (13); (5), p. 300). This is sometimes called the Poincare series for G(l).
Our aim is to find n algebraically independent homogeneous invariants d lt ..-,6 n , and a further set of k ^ 1 homogeneous invariants y 1 = 1, y 2 ,..., y k , such that the ring of invariants & can be written as a direct sum
where/S = Two consequences of equation (2) which must therefore be O(A). Thus the Poincare series can be written down immediately from the degrees of the basic invariants. We conjecture that the converse to the latter statement holds also:
Conjecture. Whenever the Poincar6 series for G can be putf in the form of (4), then a matching set of basic invariants can be found, consisting of n algebraically independent homogeneous invariants 0 1 The conjecture is known to be true for finite unitary groups generated by reflexions (14) , and has been verified for a number of other groups. One special case, for the group '3, will be seen in the next section.
Professor E. C. Dade has communicated to us(6) a proof of a weaker version of this conjecture. His theorem, which we give in section 4, shows that the Poincare series of any finite group can always be put into the form of (4), and a matching set of invariants found. But the question of whether this holds whenever the Poincar6 series has the form of (4) (1) for 'S was determined by Edge in (7); his expression may be rearranged to give ()w hich has the form of (4), and so, according to the conjecture, suggests the degrees of the basic invariants. We show that basic invariants can indeed be found with these degrees. THEOREM Proof. Maschke in (12) gave 7 invariants and 3 syzygies relating them. To complete his work it is necessary to choose the 12 basic invariants correctly in terms of his 7, and to find the 36 syzygies. Since the number of invariants of any degree d will then equal the coefficient of A d in (5), we will indeed have established (6) . The invariants are defined in terms of x x and the following functions of x 2 , x 3 , cc 4 :
& has a set of 12 basic invariants, consisting of 4 algebraically independent invariants
The four algebraically independent basic invariants will be taken to be (in Maschke's notation):
<t > 4 = 23 > 6 = 8z? -20az? -10bx\ -10cx 1 
We verified (7)- (9) and found (10) , (11) with the help of the ALTRAN computer program for manipulating rational functions (4), (9) .
The 36 syzygies can now be found from equations (7) (7) in terms of y\, y 2 y 3 , y 2 y A , y\, y\y it which have already appeared on this list, and so on. We leave to the reader the easy verification that all 36 syzygies can be obtained in this way. This completes the proof. Notice that this result does not provide a complete resolution of our conjecture, the status of which is still unclear.
